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INTRODUCTION 
The purpose of this paper is to prove a theorem about simple groups in 
which the centralizer of an involution is the faithful extension of an extra- 
special 2-group by a solvable group. In particular, we have proved the follow- 
ing theorem. 
MAIN THEOREM. Let G be a nonabelian Jinite simple group satisfying the 
following hypothesis: 
(a) M = C,(i) is solvable where i is an involution. 
(b) H = O,(M) is extra-special of width W. 
(c) C,(H) C H. 
(d) i is conjugate to an involution j E H - (i). 
Then G is isomorphic to L,(7), L,(9), MI,, A,, A,, G,(3), U,(3) or the 
following holds: 
(1) The width w = 4. 
(2) The order of a S,-subgroup of G is 212 or 213. 
(3) M is a 2, 3-group and the order of a S,-subgroup of M is 33, 34, or 35. 
In several of the known sporadic simple groups as well as some of the 
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Chevalley groups, the centralizer M of an involution is the faithful extension 
of an extra special 2-subgroup. This theorem greatly restricts the possibilities 
if M is solvable. The simple groups listed in the theorem all occur when the 
width w < 2, and the proof of this part of the theorem is an immediate 
consequence of the work of Gorenstein and Harada[4]. The major work of this 
paper is to show that if the width w > 3, then w = 4 and to determine some 
information about the structure of M. It is interesting to note that if / M j = 
2i2 . 33, then fi2 is the faithful extension of the central product of 4 quaternion 
groups by the direct product of 3 dihedral groups of order 6, and the simple 
group D,(2) has a centralizer of an involution with this structure. If 1 M / = 
212 . 34, then M is the faithful extension of the central product of 4 quaternion 
groups by a product of an elementary 3-group of order 34 and an elementary 
2-group of order 23, and the simple group D,(3) has a centralizer of an 
involution with this structure. 
The main ideas of this paper are similar to those used by Thompson in 
Section 13 of the N-groups paper [3] and Lundgren in [ 11. However, since no 
assumptions are made in this paper about p-local subgroups, many of the 
proofs are significantly different. The notation used is standard (see [2]). 
1. PRELIMINARY RESULTS 
Throughout the paper G will be a finite simple group satisfying the follow- 
ing hypothesis. 
MAIN HYPOTHESIS. 
(a) M = C,(i) is solvable, i an involution. 
(b) H = O,(M) is extra-special of width w. 
Cc> Cd4 C H. 
(d) i is conjugate to an involution j E H - (i). 
Since C,,,,(H) C H, we have that M/H acts faithfully on Hand O,*(H) = 1. 
Let T be a &-subgroup of M, then Z(T) C H so that Z(T) = (i). Hence, 
T is a &-subgroup of G. Letg E G - M be such that ig = j. Let E = H n HQ. 
First we will take care of the case that the width w 3 2, and then we will 
assume throughout the rest of the paper that w 3 3. 
THEOREM 1.0. Let G be a nonabelian jinite simple group satisfying the 
Main Hypothesis. Suppose that in addition the width w >, 2. Then G is isomor- 
phic 20 L,(7), L,(9), Mn , 4 , 4, , G,(3), or u,(3). 
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Proof. The result follows from the work of Gorenstein and Harada [4] 
and the fact that under our assumptions the sectional 2-rank of a S,-subgroup 
of G is at most 4. Certainly if w = 1, then His a dihedral or quaternion group 
and the sectional 2-rank of a &-subgroup of G would be at most 4. If w = 2, 
then H s Qs * D, or HE Qs * Qs . In the former case Lemma 2.7 of [4] 
shows that a &-subgroup has sectional 2-rank at most 4. In the latter case this 
is shown in the proof of Proposition 2.6 of [4]. Hence, if w = 2, then the 
sectional 2-rank of a &-subgroup of G is at most 4, and the result follows by 
checking the centralizers of involutions for the simple groups listed in the 
IMain Theorem of [4]. 
Throughout the rest of the paper we will assume that the Main Hypothesis 
is modified to include the condition that w > 3. 
LEMMA 1.1. We have (i, j> C E and E is elementary abelian of order 2’. 
Let Kl = C,,(i), then Kl C M and Kl = H,s where j H : HI / = 2. Also 
K,IE is elementary abelian of order 2f andf + e = 2w. 
Proof. Since j = ig and j E H, we have that j E E. Let H* = C,(j), then 
E = H* n Hg and H* = (j) x Hz where Hz is extra-special of width 
w - 1. Suppose H” r\ Hg = (j), then Hz n Hg = 1. Then by Lemma 5.13 
of [2], w = 2, a contradiction. Hence, (j) C E and so Hz n Hg 3 I. Since 
(i) is the only minimal normal subgroup of H, and since Ho n HT 4 H, , 
we have (i) 2 H* n H, so that (i, j) 2 E. Since D(E) C (i) n (j} = I, E is 
elementary abelian of order 2”. 
Now let Kl = C,,(i), then j Ho : Kl 1 = 2, Kl C M and Kl = H,Q where 
j H : HI j = 2. Then Kl = (i) x Kg where Kz is extra-special of width 
w - 1. Now Kl n H = E and so KJE z KJK, n HE K,H/H is ele- 
mentary abelian of order 2f since j E E. Since 1 Kl j = 22~, we have e + f = 
2w. The proof is complete. 
Let J = /(n/r) be the set of all noncentral involutions i1 of H such that 
2.1 -c 1.. Thus j E J. Suppose ir = ig, y E G. Then C&i,) = Mu and 
1 H : C,(i,)l = 2. By the preceding argument, we get i E HY, so i E /“. This 
implies that C,,(i) C M, and / HU : C,,(i)1 = 2. Let 9” = {(a, b) 1 a NG 
b mG i and a E J(C,(b))}. By what we have just shown, 9’ is symmetric. 
We now obtain some more information about Kl where Kl = C,,(i). Let 
B = B, x ... x B, be a subgroup ofF(M mod H) such that 
(a) / B, j = p, , an odd prime 
(b) HB, admits Kl 
(c) &(HB/H) = E. 
The existence of B is guaranteed by Lemma 5.34 of [2]. For each subset A 
of M, let a = AH/H. Let L, be the subgroup of Kl containing E such that 
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G = C&(z), 1 < n < f, so that j Ki : L, ] = 2. Let Ln = nn+n L, , and 
let D, = (L”, B, , H). Then z is dihedral of order 2pn , and if we set 
L = HBK,,thenL = & x *.. x Ef . Let V = H/H’ so that V is a faithful 
F&module. 
The above notation and setup will be preseved throughout the remainder 
of the paper. Before considering various cases, we state some preliminary 
lemmas. The proofs of Lemma 1.2 and Lemma 1.3 are the same as the proofs 
of Lemma 13.61 and Lemma 13.62, respectively of [3]. The proof of Lemma 
1.4 is the same as the proof of Lemma 4.4 of [I]. 
LEMMA 1.2. If x is a n.oncentruE involution of H and HI = CH(x), then 
C,(H,) = Z(H,) = (i, x). 
LEMMA 1.3. If HI is any subgroup of index 2 in H, then HI contains every 
involution of C&H,), and C,(H,) is a 2-group. 
LEMMA 1.4. Suppose that H is the central product of an even number of 
quaternion groups and E is an elementary abelian subgroup of H of order 2”, 
where w is the width of H. Then we have that 1 C,(E) : E 1 < 4. 
2. THE CASE e = w 
In this section we assume that e = w where the notation and setup from 
Section 1 is preserved. Since e + f = 2w, we have that e = f = w. By 
Lemma 5.14 of [2], p, = 3 for all n. 
Since B is elementary of order 3w and B is represented faithfully on H, it 
follows that H is the central product of quaternion groups Qi ,..., Qw each 
of which admits B. 
LEMMA 2.1. We have the following: 
(a) HgnM=K,, 
(b) HB n Co(j) C H, 
(c) w = 4, 1 E 1 = / K,/E 1 = 24, and 1 B 1 = 34. 
Proof. The proof is the same as the proof of the same results at the begin- 
ning of Case la of Lemma 4.6 of [l]. 
We now determine the subgroup E and the conjugate classes of involutions 
of H in L. 
Since B acts faithfully on H and does not act faithfully on any proper 
subgroup of H, CQ1, Qz , Q3, Q4> is th e set of all quaternion subgroups of H 
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which admit II. Hence, N,(B) permutes {Qr , QZ, Qs , Qd}. Since L = 
IIN,( we have that Kr permutes {Qr , Qs , Qs , Q4}. We can choose K E KI 
such that R inverts B. Hence, k normalizes Qn for all n, and k induces outer 
autormorphisms of each Qn . We can choose generators qn, , qnz of Qn such 
that qf, = qnz . Let Qn* = (qnlqnz). Since k centralizesj = q1q2q3q4 , we get 
that q1w3q4 = d%kq3kq4k, so qnk EQ,* for each n. Hence, j centralizes 
q = qllqzl since j does not centralize either qll or qzl . Hence, q E Mg so that 
[q, k] E Ho n H = E. Computing we get that [q, k] = q;;1q12q;1q22 E E. To 
simplify notation, let a, = q;;qnz so that Qn* = (a,). Then we have shown 
that alaP E E and so (u1u2 , i) = (a,~, , u1u2 -l) C E. By similar arguments we 
get that (a,~, , u,a$)CEfor l<n<m<4.Since]E/=16,weget 
E -= (w,,, > ~,~,,t -’ 1 1 < n < m ,< 4). Sincej E E, we have thatj = u,u,u,u, 
or u~u~u~u;~, and so we may assume the notation is chosen so thatj = u,uau,a,. 
Note that 1 C,(u,u,)] = 9 and that no element of 3 normalizes E. Since 
C,(B) = (i), we see that if e E E - (;,j), then C,(e) n Ce(ej) = 1. 
We can now compute the conjugate classes of involutions of H under the 
action of HK,B with representatives from E. We note first that for unum E E, 
4&t wH u,,u,i and ~,,a,~ wA- 1 u,u,j. Hence the conjugate classes of E under 
the action of HK, are: 
{ v2 9 al% 7 -l u,a, ) u,u;l> 
c up4 7 ~l~;‘, w3 9 Q,G’> 
{ alug , w31, a2a4 , a2a;‘) 
Under the action of B, u1u2 , u1u3 , and uru4 each have 9 conjugates in H 
and are not conjugate to each other. Hence, the conjugate classes {u1u2), 
(~,a,}, and (u1u4} in H each have 36 involutions from H. Since 3 does not 
divide ] C,(j)], j does not lie in any of the above classes under the action of L. 
Under the action of B, j has 81 conjugates, and so the class {j} has 162 
invofutions from H. Hence the classes (u1u2), (u1u33, (u1u43, {j>, and (i> in H 
under the action of L account for 271 distinct involutions, which an easy 
computation shows are all of the involutions in H. 
From the action of B on H, we have that B = B1* x ... x B,*. where 
B,* C Ce(Qm) for m # n and [H, B,*] = [Qn , B,*] = Qn . 
LEMMA 2.2. We have that M is a 2, 3-group. 
Proof. The proof is the same as the proof of this result in Case la of 
Lemma 4.6 of [l]. 
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LEMMA 2.3. E = [E, x] x C,(x) where iZ =j, x E C,(e) for some 
ecE-(i,j),~ndjxj=3~,n>l. 
Proof. Let X = (H, Hg). Since E Q H and E 4 Hg, we have that 
X C N,(E). If X is a 2-group, then Z(X) c (i) n (j) = 1, a contradiction. 
Since X is not a 2-group, X $ M. Moreover, 2 does not divide 1 X : X n M 1 
since a Sylow 2-subgroup of X n M has (i> for its center. Since (i, j) (I X 
andC,((i,j))CXnM,wehavethatjX:XnM/ =3.LetxEX-XnM, 
we have that 1 X : X n M / = 3. Let x E X - X n M with / x ! = 3”, 
n 2 1. Since [E, H] = (i) and [E, Ho] = (j), an easy commutator 
computation shows that [e, x] C (i, j) for all e E E. In particular, since 
E = [E, x] x C&x), we have shown that i is conjugate to j in C,(e) for some 
e E E - (i, jj. The proof is complete. 
LEMMA 2.4. We have that M = HN,(B). 
Proof. By Lemma 2.2, M is a 2, 3-group. Let C be a Sylow 3-subgroup 
of F (M mod H). Then either C = B or / C / = 35. Also by the Frattini 
argument we have that M = HN,(C). Hence we may assume that 
/ C 1 = 3j. But then from the structure of a Sylow 3-subgroup of Aut(H) 
we see that B is the unique elementary subgroup of C of order 3”. Hence 
B 4 NM(C) and so M = HN,(B). The proof is complete. 
Let MI = TB. Since 32 divides I C,(e)1 for e E E - (i, j>, we get that 
j +&I e for e E E - (i, j). Then MI = LCMl(j) and we may choose T so that 
T contains a Sylow 2-subgroup of CMl(j). Then T = HC,( j) and E <i T. 
Hence T is a Sylow 2-subgroup of N,(E). Since Ki (I C,,,(j), we have 
K,H (i T and so KI C T. 
Suppose that t E T - K,H and t E C,(E). Then since t normalizes HB/H, 
t permutes the set {Qi , Qa , Qa , Q4} and so since t centralizes E, t must 
normalize each of the Qn and each (a,). Then t normalizes B,* for all n 
and t is an involution. Looking at the elements of E we see that t either 
centralizes (a,) for all n or inverts (a,) for all n. Suppose that t centralizes - 
(a,) for each n. Since t normalizes Em* for each n, t must invert B,* for 
some m. But then t cannot centralize (a,,). Hence, t inverts (a,) for all n. 
Suppose t induces an inner automorphism of Qlrl . Then if t centralizes Bn*, 
then B,* - must normalize C,(t) and hence centralizes Qnz . Hence, t inverts 
B,“. But since t induces an inner automorphism on Qn, , we get (t) 4 
(t, Es*), a contradiction. Hence, t induces an outer automorphism on each 
Qn . But there exists K E KI such that K induces an outer automorphism of 
each Qn . Hence, th induces an inner automorphism of each Qa , and hence, 
th induces an inner automorphism of H, a contradiction. Hence, C,(E) 2 
K,H. Since j N,(E)/C,(E)I < 26, we get 1 T : K,H 1 < 2. 
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By a similar argument to the above we see that 1 CKp,,(E)] < 2 and so 
1 NKIH(E)/CKIH(E)I = 26. This forces T = K,H. 
From Lemma 2.3 we have that i is conjugate to j in N,(E). Hence, we may 
assume that Kr = Hrg where g E N,(E) and Hr = C,(j). Then C,JE)e = 
CHlx(E) = IZ’,~(E). Since 1 CK1(E) : E 1 = 2, we must have / CH1(E) : E 1 = 2. 
But then since C,(E) C C&Y), we have / H : C,(E)1 = 24 and so 
I T : C,(E)1 = 2’ where T = K,H. But since E <I T, this is a contradiction 
to the order of a Sylow 2-subgroup in GL(4,2). 
This contradiction completes a proof of the following theorem. 
THEOREM 2.5. Suppose that G is a finite group satisfying the Main Hypo- 
thesis. In addition, suppose that e = w. Then G is not simple. 
3. THE CASE w = 3 AND e + w 
In this section we assume that w = 3 and e + w. Since e # w, then f # w 
so that by Lemma 5.8 of [2] we havef .< w and so e > w + 1. On the other 
hand, H is of width w, and E is an elementary subgroup of H of order 2”. 
Hence, e < w + 1, so that e = w + 1 and f = w - 1. Since H contains 
an elementary subgroup of order 2 W+l, His the central product of w dihedral 
groups. Since w =; 3, we have ) E 1 = 24 and j K,/E I = 4. 
Case 1. B is a 3-group and C,(B) 3 (i). 
Sincef = 2, B is elementary of order 9. Since 1 E j = 24, H is the central 
product of 3 dihedral groups. Hence, H is not the central product of 3 
quaternion groups. 
Let Qr = C,(B) and Qz = [H, B]. Th us, B is represented faithfully 
on Qa , so that Qa is the central product of 2 quaternion subgroups Qar , Qss . 
Hence, Qi is dihedral, and Qr , Q2 admit Kl . 
Suppose .i E QlQ21 u Q1Qz2 . In this case, some element b E Bjf centralizes 
j, so b E Mg and [Kl ,6] C Hg n HB C H. This is not the case since Kl 
fixes no nonidentity element of HB/H. 
Write j = q1q2iq2a , where or E Qr , qzn EQ~~ - (i), n = 1, 2. Hence, 
q12 = 1, since j is an involution. Suppose q1 $ (i). Since Kl normalizes Qr , 
and since / Kl : E 1 = 4, we can choose k E Kl - E such that [Q1, k] C (i). 
Hence, [H, k] 2 Q2 . But then [E, k] _C (j) n Qs = 1, against E E SCN(H9). 
Hence, q1 E (i), so we may assume that q1 = I, after changing notation. 
Hence, j E Qz . 
Suppose that El = E n Q2 r> (i, j>. Then there exists b E B# such that 
b normalizes El . Also El Q Tl = K,H and so NTIB(E1) = T,(b). We also 
have If(b) (I T,(b). Since El C H” we have that j C,,(E,)j = 25 and 
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C&E,) C Kl since Ki = C,,(i). Hence CT1(b)(E1) = Q&(K) where 
K E K1 - E. Since K $0,(7’,(b)), k inverts some element of order 3 by 
Lemma 5.36 of [2], and we may assume this element is b. Since Qi = C,(B), 
we have that K normalizes Qi . Since k does not centralize E, there is an 
e E E - El such that [K, e] = j. But E c Q,E, , so e = qle, for some q1 E Qi , 
e, E El . Hence, [k, e] = [k, qie,] = [K, e,][k, @?i = [K, qi] # j, a contra- 
diction. Hence, E n Q2 = (i, j). 
The remainder of the proof that Case 1 does not occur is the same as in 
the equivalent situation in Case 2b(l) of Lemma 1.363 of [3]. 
Case 2. B is a 3-group and C,(B) = (i). 
The proof that Case 2 does not occur is the same as in Case 2b(2) of 
Lemma 13.63 of [3]. 
Case 3. B is not a 3-group. 
The proof that Case 3 does not occur is the same as in Case 2c of Lemma 
13.63 of [3]. 
Since none of the three cases can occur, we have proved the following 
theorem. 
THEOREM 3.1. Suppose that G is a finite group satisfying the Main Hypo- 
thesis. In addition, suppose that w = 3 and e # w. Then G is not simple. 
4. THE CASE w >4 AND e fw 
In this section we assume that w > 4 and e # w. From the remarks at the 
beginning of Section 3, we see that 1 E 1 = 21Gf1 and j K,/E 1 = 2”-l. Also, 
His the central product of w dihedral groups. 
Case 1. V is an irreducible E-module where V = H/H’ and L = HBKl 
and e = L/H. 
LEMMA 4.1. We have w = 4. 
Proof. The proof is the same as the proof of the same result at the begin- 
ning of Case 2d(l) of Lemma 4.6 of [l]. 
We now determine some information about L. By Lemma 5.15 of [2], we 
have that 1 B 1 = 33. Let V = V, x ... x V, , where each V, is an irredu- 
cible B-group. Let B, = C,(Vn), V, = QJ(i). Thus, 1 B : B, 1 = 3 and 
1 V, 1 = 4, while Kl permutes transitively {V, , V, , V, , V4} and {g , K, -- 
B3 , B4}. Furthermore, Qn z Qm for all n, m and Qi is quaternion or ele- 
mentary. 
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Suppose B, = B, . Then B, = B, , so that B,nB, # 1, and B,nB, 
centralizes H. This is impossible, so B, = B, implies n = m. Hence, 
Qn = C,(B,), so that Qn is quaternion and H is the central product of 
Q1,Q2,Q3,Qd.AlsoIB,nB,I =3foralln,m,l <n<m,(4. 
IfjEQ,Q,,forn#m,thenBnMQIBB,nB,#l,sothat[B,nB,, 
Ki] C Ho n HB C H. This is not the case, so if 1 < n < m < 4, then 
i # QnQnz . Hence,j = qlq2%!?4, q,, eQn and at least 3 of ql, q2, q3, and q4 
are of order 4. Since j is an involution, we get 4% E Qn - (i) for all n. 
Since Ki = (i) x K2, where K, is the central product of 3 dihedral 
groups, K, contains a subgroup Ks such that KS is elementary of order 8 
and KS n E = 1, Kl = EK3. Let K be the uniquely determined involution 
of K3 such that k inverts i?. Hence, we have that k normalizes Qn for each n. 
Thus QIE has generators qnl , qn2 with qtl = qn2 . Since k centralizes 
j = q1q2q3qa , k inverts qn for all II. Interchanging gal and qn2 if necessary, we 
may assume that qn = qn1qn2 for all n. Suppose n # m. Then j centralizes 
qnlqnrl , so Cqnlqml ,4 E Hg n H = E. Hence, 
%&a -l -%-‘q,,q,,k = q-lq-lq q ml n, n2 m2 = qmlqnlqmqna = qnlqnzqmlqmz~E 
for all 71, m, n # m. 
We now determine possibilities for E. To simplify notation, we let ci, = 
h , a, * = qn2 , and a, = qa1qn2 . Then j = ala2a,a, and we have anam E E 
for all n, m, n # m. In particular, under the action of HK, these elements fall 
into the following conjugate classes: 
1 ala2 , a&‘, a3a4 , vi’> 
{ a2a3 , a2ai1, ala4 , wi’> 
{ a2a4 , ad, ala3 , Al& 
( j = a,a,a,a, , ji = u1a2u3ai1] 
Since E is elementary abelian of order 25, by an easy computation we see 
that E = (E*, Z,c?,r?,ci,) or E = (E*, a1*Z2Z3Z4) where E* is the subgroup 
of order 16 generated by anam , for all n, m, n # m. 
If E = (E*, Z1c?,Z3Z4), we get the following additional conjugate classes 
of E under the action of HK,: 
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i c?,ii,rZ,a, , a”,c?,c?,d~l, a1*a2*a3*a4*, a1*a2*a3*a4*-l} 
{Z az*aSa,*, cZ,a,*d,a,*-I, a,*d,a,*ii, , a,*d,a$-‘a”,) 
{a,a,*a,*Z, , aIa,*a~-la, , a1*&d3a4*, a,*d,a”,as-l} 
{ a, 
* *-- a2 a3a4 , a,*a:-‘a@, , Gld2a3*a4*, d,d,a,*az-‘} 
If E = (E*, a,*Z&&), we get the following additional conjugate classes 
of E under the action of Hf(,: 
{ al 
*- _ - *----1-w* * * - * 
a2a3a4 , al w3a4 , ala2 a3 a4 , ala2 a3 
* *-1 
a4 1 
{a,*a,*d,a,*, a,*a,*d,a,*-l, cZ,Zp,*d, , cil@z3*d~1} 
{a,*a,*a,*a”, , al’a,*a,*H;l, d,d,d,a,*, rTlri,d3a~-1} 
{a”,a,*a3?,a”, , d,a,*d,d,l, a1*&u3*a4*, a,*a,a,*ar-‘} 
Now that we have determined the two possibilities for E, some easy 
computations yield the following result: 
LEMMA 4.2. If E = (i, j) x E f or some subgroup ,? of E, then anan, E E 
or anam -’ E Sfor some n, m, n # m. 
LEMMA 4.3. We have that F(M mod H) is a 2, 3-group. 
Proof. By our construction we have B C F (M mod H). Let C be a Sylow 
2’-subgroup of F (M mod H) which contains B. Since Qn = C,(B,), Q,, 
admits C,(B). Since C is nilpotent, Qa admits O,,(C) and hence O,(C) 
centralizes Qn for all n, and so O,(C) centralizes H. 
This forces O,(C) = 1, and so C is a 3-group since C is nilpotent. The proof 
is complete. 
We now have two possibilities to consider, either B = C,(B) or B C C,(B) 
where C is as in Lemma 4.3. 
Case la. B = C,(B). Lemmas 4.4, 4.5, and 4.6 are proved under the 
assumptions of Case la. 
LEMMA 4.4. The following holds: 
(a) F(M mod H) = HB 
(b) M is a 2, 3-group 
(c) A Sylow 3-subgroup of M hax order 27 or 81. 
Proof. The proof is the same as the proof of the same results in Subcase 1 
of Case 2d(I) of Lemma46 of [I]. 
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LEMMA 4.5. The following holds: 
(a) B is a SyEow 3-subgroup of M. 
(b) I T/H I is 23, 24, OY 25 where T is a Sylow 2-subgroup of M. 
Proof. Since ikf = HNM(B) by the Frattini argument, every element of M 
permutes the set {Qr , Q2 , Q3 , Q4}. Suppose 1 P 1 = 81 where P is a Sylow 
3-subgroup of i%Z. Suppose for some p E P - B we have that p E C,(j). 
Then if p normalized each Qfn , it would have to centralize each QZn which 
is impossible. Then p must permute 3 of the Qa and centralize the other in 
order to centralize j. We may assume that p permutes {Qr , Qa , Q3} faithfully 
and centralizes Q*. Let z E Z(P)+-, then z E B and normalizes each of the 
Q, . Consider H* = Q1Q2Q3 and let (p, 6) = P* act on H*. Then H* = 
(C,,( p*) p” E P*). Since z E B, we have from the proof of Lemma 4.4 
that the width of C,(Z) is at most 2. Hence, z does not centralize H* and 
since p normalizes C&Z), we get that C&Z) = (i). Since p* = pt,an for 
p* E P*, we see that C,,( p*) 1 (i) only if P = 1. But since p does not 
centralize H*, we get (C,,( p*) 1 p* E P*) C H*, a contradiction. Hence, 
C,(j) = I. Then j has 162 conjugates in H under the action of HK,P. We 
also see that some element of the form q1qzq3q4 with qm E Qn - (i) is cen- 
tralized by something from P - B. But these are precisely the involutions 
that are conjugate to j since there are 162 involutions of this type. But then 
3 divides j CHKIP(j)l, a contradiction. Hence, B is a Sylow 3-subgroup of AI. 
We now have that M = TB, and T/H acts faithfully on HB/H. Hence, 
1 T/H! :< 2j so that 1 T/H 1 is 23, 24, or 25. The proof is complete. 
LEMMA 4.6. The order of T/H is not 25. 
Proof, First we look at E* = (a,a, 1 I < n < m < 4). We have 
/ C,(E*)i = 26 and j C,,(E*)I = 26 so that CK,(E*) 1 E. Then there is an 
element K, E Kl - H such that K, E CK1(E*). Then k, normalizes Q,,, and 
(a,) for all n. We will show that k, induces an outer automorphism of each 
Qn . First suppose Iz, induces an inner automorphism of Qn for some n. -- 
Take m, , ma f n and let B* = B,, n Bmz # 1. Then B* n E = 1 and 
B* is normalized by k, . Th en since B* does not centralize QR , we see that 
k, can neither invert or centralize B *. Hence, k, does not induce an inner 
automorphism of any Qfl . Since k, centralizes (a,u,) for all n # m, we have 
either k, centralizes a, for all n or k, inverts a, for all n. However, if k, 
centralizes a, for all n, then k, must induce an inner automorphism of Qn 
for some n, a contradiction. Hence, k, inverts a, for all n, and since k, cannot 
induce an inner automorphism of Qn for any n, then k, must induce an outer 
automorphism of Qn for all 71. 
Since k, induces an outer automorphism on Qn for each n, then k, normalizes 
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B, for each n, and so K, must invert z for each n. Hence, K, inverts i?. Since 
T is a Sylow 2-subgroup of Aut(B), we get that RI E Z(T) from the action of T 
on B. Since k, induces an outer automorphism of Qn for each n, u-e have that 
CH(k,) = E*. Then since kr E Z(T), we have that E* d T. But then there 
must be some t E T - K,H such that t E C,(E*). Then by an argument 
similar to that in the previous paragraph, we can show that t must induce an 
outer automorphism of Qn for all n. 
From the preliminary remarks in Case 2d(l) of Lemma 4.6 of [I], we have 
that there exists K E Kr - H such that R induces an outer automorphism 
of Qn for each n. But then kt induces an inner automorphism of Q2n for each 
II, and hence an inner automorphis of H, a contradiction. The proof is complete. 
Case lb. B C C,-(B). 
Lemma 4.7 through Lemma 4.11 are proved under the assumptions of 
Case lb. 
LEMMA 4.7. If b E B#, then C,(b) has width at most 2. 
Proof. Suppose for some b E B# that C,(b) has width greater than or -- 
equal to 3. Then since I/ is an irreducible KrB-module, we would get that 
B = (6, &I, 6y f or some K, , k, E KI . This forces C,(B) r> (i). Since this 
is not possible, we have that C,(b) has width at most 2 for all b E B#. 
LEMMA 4.8. The following holds: 
(a) B* = C,(B) is elementary of order 34. 
(b) C,,(j) = I. 
(c) B* normalizes Q,, for each n. 
(d) B* = B,* x ... x B,* where 1 B,* / = 3, [Qn , BIE*] = QpL , and 
[Qm , B,*] = 1 for m # n. 
(e) Under the action of HKIB* the conjugate classes of involutions of H are 
Gw>, hzd, Cw4>, ii>, and {iI whre WI = 162. 
(f) M is a 2, 3-group. 
Proof. The proof of all parts except (d) is the same as in subcase 2 of 
case 2d(l) of Lemma 4.6 of [l]. For (d), since B* normalizes B, , we have 
that B* normalizes Qlz for each n. But then from the action of B* on H it 
follows that B* = B 1* x ... x B,* where j B,* 1 = 3, [Qn , B,*] = Qn 
and [Qm , B,*] = 1 for m # n. 
LEMMA 4.9. The following holds: 
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(a) F(Mmod H) = HB*. 
(b) M = HN,(B*). 
Proof. Let P be a &-subgroup of M containing B*. Then 1 P / = 3” 
or 35. If 1 P / = 34, then P = B* and we are done. Hence, we may assume 
that 1 1’ 1 = 3j. 
First suppose that P = C. Then from the structure of the automorphism 
group of H, we have that Z(P) is elementary abelian of order 9. Also, since -- 
CH(Z(P)) is K,B-invariant, we have CH(Z(P)) = (i). Choose p E Z(P)” 
such that C,(p) 1 (i). Since (p> is not RI-invariant because of V being -- 
an irreducible KrB-module, then Z(P) = ( p, p”) for some K E Kr - H. 
Hence, since CH(Z(P)) = (i), C’,( $Y) h as width at most 2. Then since C,(p) 
admits P, we must have that P’ centralizes C,(p). Since H = (C,( p) 1 p E 
Z(P)s), we get that P’ = 1. This is not the case. Hence, P # C and so 
1 C i =~: 34. If C # B*, then C n B* = B andZ(P) < C n B* = B. Hence, 
by Lemma 4.7 we get that if p E Z(P), then C,,(p) has width at most 2. But 
then the above argument gives a contradiction. Hence B* = C and 
F(Mmod H) = HB*. Then (b) follows from the Frattini argument. 
LEMMA 4.10. The following holds: 
(a) E is normal in a &-subgroup T of M. 
(b) E* 4 T. 
Proof. Let T, be a S,-subgroup of C,(j) and T be a &-subgroup of M 
containing Tl . Then ( T : Tl 1 = 2 and T = C,( j)H since j has 162 con- 
jugates in H under the action of M. Then Kr 4 C,(j) since if t E C,(j), 
Klt<HgnM=Kl. Hence, E=K,nHqCr(j)andso EaT. 
Now suppose m E M normalizes E but not E*. Then for some e E E*, 
e” = a E E - E*, but a - j in M and we get a contradiction. Hence, 
E* c~ T. 
LEMMA 4.11. A &-subgroup of M is of order 212 or 213. 
Proof. Let T be a S,-subgroup of M such that E* u T. Suppose that 
/ T/H / > 24. Then by applying Lemma 1.4 to H and Hg we see that 
3t E T - K,H such that t centralizes E*. Then t normalizes Qn and (a,) 
for all n. We will show that t induces an outer automorphism of each Qn . 
First suppose t induces an inner automorphism of Qn for some rz. Take m, , 
m2 , and ma different from 1z and let P = C&Qm,) n Csl(Qm,) n C&Qm,). 
Then by Lemma 4.8 we have that 1 P 1 = 3 and P n C&Q%) = 1. 
We also have that P is normalized by t. Then since P does not centralize 
Q, > we see that t can neither invert or centralize P. Hence, t does not induce 
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an inner automorphism of any Qn . As in Lemma 4.6 from this it follows 
that t induces an outer automorphism of each Qll . 
Now from the preliminary remarks in Case 2d(l) of Lemma 4.6 of [I], 
we have that there exists K E Kr - H such that k induces an outer automor- 
phism of Qn for each n. But then Kt induces an inner automorphism of Qn 
for each n, and hence an inner automorphism of H, a contradiction. Hence, 
1 T/H 1 < 25 so that j T 1 = 212 or 213. 
Case 2. V = H/H’ is a reducible L-module, and L acts faithfully on no 
proper submodule of V. 
The proof that Case 2 cannot occur is the same as Case2d(Z)of Lemma 13.63 
of [3]. 
Case 3. V is a reducible L-module and L acts faithfully on some proper 
submodule of V. 
The proof that Case 3 cannot occur is the same as Case2d(3) of Lemma 13.63 
of [3]. 
THEOREM 4. IO. Suppose that G is a jinite simple group satisfying the 
Main Hypothesis. In addition, suppose that w > 4 and e f w. Then the fol- 
lowing holds: 
(1) The width w = 4. 
(2) M is a 2, 3-group and a &-subgroup of M is of order 33, 3”, or 3j. 
(3) The order of a S,-subgroup of G is 212 or 213. 
Proof. The only case to be considered is Case 1. From Lemma 4.1, 
we have w = 4. By Lemma 4.4 and 4.8 we have M is a 2, 3-group. Since H 
is the central product of 4 quaternion groups, the order of a &-subgroup 
of M is at most 35, and since 1 B 1 = 33, the order of a S,-subgroup of M 
is at least 33. By Lemma 4.5, 4.6, and 4.1 I we have that the order of a 
&-subgroup of M is 218 or 2 13. Since a &-subgroup of M is also a &-subgroup 
of G, part (3) holds and the proof is complete. 
5. PROOF OF THE MAIN THEOREM 
MAIN THEOREM. Let G be a nonabelian Jinite simple group satisfving the 
following hypothesis: 
(a) M = Co(i) is solvable where i is an involution. 
(b) H = O,(M) is extra-special of width w. 
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Cc) C,w(H) C H. 
(d) i is conjugate to an involution j E H - (i>. 
Then G is isomorphic to L,(7), L,(9), Ml,, A,, A,, G,(3), Ud(3) or the 
following holds: 
(I) The width w = 4. 
(2) The order of a &-subgroup of G is 212 or 213. 
(3) 52 is a 2, 3-group and the order of a &-subgroup of JII is 3”, 3’, or 3”. 
Proqf. If w &z 2, then the theorem holds by Theorem 1.0. If w 3 3, 
then the only possibilities to consider are e = w, w == 3 and e + w, or 
w > 4 and e + W. But then the conclusion of the theorem follows from 
Theorems 2.5, 3.1, and 4.12. 
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